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We show that a two-dimensional (2D) spin-polarised Fermi gas immersed in a 3D Bose-Einstein
condensate (BEC) constitutes a very promising system to realise a px+ ipy superfluid. The fermions
attract each other via an induced interaction mediated by the bosons, and the resulting pairing is
analysed with retardation effects fully taken into account. This is further combined with Berezinskii-
Kosterlitz-Thouless (BKT) theory to obtain reliable results for the superfluid critical temperature.
We show that both the strength and the range of the induced interaction can be tuned experimen-
tally, which can be used to make the critical temperature approach the maximum value allowed
by general BKT theory. Moreover, this is achieved while keeping the Fermi-Bose interaction weak
so that three-body losses are small. Our results show that realising a topological superfluid with
atomic Fermi-Bose mixtures is within experimental reach.
The quest for realising topological phases of matter is
presently a very active research topic [1, 2]. Topological
superconductors/superfluids are of particular interest, as
they exhibit Majorana edge modes with possible appli-
cations for quantum computing [3]. In condensed mat-
ter systems, experimental evidence for Majorana modes
have been reported in a number of one-dimensional mate-
rials [4–10]. Furthermore, Sr2RuO4 is believed to realise
a 2D topological superconductor [11–14]. However, it is
highly desirable to find other systems which allow for un-
ambiguous realisation of a topological superfluid. Cold
atomic gases are attractive candidates for this task, as
they are devoid of impurities and are highly controllable.
Fermi gases interacting via a p-wave resonance have been
suggested to realise topological superfluids [15], but they
are found to have very short lifetimes [16–19]. Other sug-
gestions using quantum gases include proposals based on
optical lattices [20–23], synthetic spin-orbit coupling [24–
26], driven dissipation [27, 28], dipolar molecules [29] and
mixed dimension Fermi-Fermi mixtures [30]. However,
none of these proposals have been implemented experi-
mentally so far, partly due to the prohibitively low su-
perfluid critical temperatures in these systems.
In this paper we show that a 2D-3D Fermi-Bose mix-
ture can realise a px + ipy topological superfluid with
a high critical temperature. Spin-polarised fermions are
confined to a 2D plane and interact via an attractive
induced interaction mediated by density fluctuations in
a weakly interacting 3D BEC. The superfluid transition
of the 2D Fermi gas is investigated by first solving the
mean-field gap equation, which has the Eliashberg form
due to the frequency dependence of the induced inter-
action. Here the retardation effects are fully included
and are found to be important. The superfluid density is
then calculated and the critical temperature of the tran-
sition determined using BKT theory. To our knowledge,
such a microscopic theory for the pairing of a Fermi gas
based on a combination of Eliashberg and BKT theory
has not been presented before in the literature. We fur-
ther demonstrate that the strength as well as the range
of the induced interaction can be controlled experimen-
tally. This tunability can be utilised to increase the crit-
ical temperature of the superfluid transition to the lim-
iting value imposed by BKT theory. Importantly, this
is achieved while keeping both the Fermi-Bose and the
Bose-Bose interactions weak, which is necessary to min-
imise three-body losses. Our results suggest a roadmap
for realising a long lived topological superfluid in atomic
gases with a high critical temperature.
Model.– We consider a single layer of spin-polarised,
non-interacting fermions with mass mF and areal den-
sity nF , immersed in a uniform, weakly interacting 3D
Bose gas with particle mass mB and density nB. The
interaction between the fermions and the bosons is mod-
elled by gδ(r). Here the coupling strength is given by
g = 2πaeff/
√
mrmB, where mr = mFmB/(mF +mB) is
the reduced mass and aeff is the effective 2D-3D scatter-
ing length; the latter can be tuned to arbitrary values in
atomic gases [31]. The 2D Fermi gas is assumed to have
no effect on the Bose gas, as it is much smaller in size. In
the temperature regime relevant to our study, the weakly
interacting Bose gas forms a BEC and is well described
by the Bogoliubov theory. The partition function of the
2D-3D mixture at temperature T is (~ = kB = 1)
Z =
∫
D(a¯, a)
∫
D(b∗, b)e−S(a¯,a;b∗,b), (1)
where (a, a¯) and (b, b∗) are Grassmann and complex
fields describing the fermions and bosons respectively.
The action consists of S(a¯, a; b∗, b) = S0F + SB + Sint.
Here S0F = β
∑
p⊥,n
a¯(p⊥) (−iωn + ξp⊥) a(p⊥) describes
free fermions with in-plane momentum p⊥ = (px, py),
where β = 1/T , ωn = (2n + 1)π/β is a Fermi Matsub-
ara frequency and ξp⊥ = p
2
⊥/2mF − µ is the fermion
spectrum relative to the chemical potential µ of the
Fermi gas. We have defined p⊥ ≡ (p⊥, iωn). Within
Bogoliubov theory, the action for the BEC is SB =
β
∑
p 6=0,ν γ
∗(p)(−iων + Ep)γ(p). Here p ≡ (p, iων) with
p = (px, py, pz), ων = 2νπ/β is a Bose Matsubara fre-
quency, Ep =
√
ǫp(ǫp + 2gBnB) with ǫp = p
2/2mB is
2the Bogoliubov spectrum and γ(p) = upb(p) + vpb
∗(−p)
are the quasi-particle fields. The Bogoliubov ampli-
tudes are up, vp =
√
1
2 [(ǫp + gBnB) /Ep ± 1], where
gB = 4πaB/mB with aB being the boson scattering
length. Finally, the Fermi-Bose interaction is given by
Sint = g
√
nB
V β
∑
p 6=0,ν
[b∗(p) + b(−p)] ρ(p⊥)
= g
√
nB
V β
∑
p 6=0,ν
√
ǫp
Ep
[γ∗(p) + γ(−p)] ρ(p⊥), (2)
where V is the volume of the BEC and ρ(q⊥) =∑
p
′
⊥
,m a¯(p
′
⊥ − q⊥, iωm − iων)a(p′⊥, iωm). In Eq. (2) we
have ignored a term describing scattering between the
fermions and the bosons that are not in the condensate,
since we focus on the weak Fermi-Bose interaction regime
where effects of this term are negligible. In the case of a
strong interaction, however, it is crucial to include such
a term [32]. We note that the interaction in Eq. (2) does
not conserve momentum of two scattering particles along
z-direction due to confinement of the fermions.
Induced interaction.– Performing the integration over
the boson fields in Eq. (1) we find the following effective
action for the fermions
SF (a¯, a) = S
0
F (a¯, a) +
β
2A
∑
q⊥
Vind(q⊥)ρ¯(q⊥)ρ(q⊥), (3)
where A is the area of the Fermi gas and
Vind(q⊥, iων) =
g2nB
mB
∫ ∞
−∞
dqz
2π
q2
(iων)2 − E2q
(4)
is the induced interaction between the fermions mediated
by the bosons. Apart from the additional integration over
the z-component of the Bose momentum, the formula in
Eq. (4) is similar in form to the induced interaction in
a 3D-3D Fermi-Bose mixture [33, 34]. It follows from
Eq. (4) that Vind(q⊥, iων) is manifestly real and negative.
Performing the integral in Eq. (4) we find
Vind(q⊥, iων) = −nBmBg2
[(
1
κ+
+
1
κ−
)
+
1√
1− (ων/gBnB)2
(
1
κ+
− 1
κ−
)]
, (5)
where κ± =
√
2mBgBnB
[
1±√1− (ων/gBnB)2]+ q2⊥.
Here
√
z denotes the root of the complex number z with
a positive real part. The frequency dependence of the
induced interaction reflects the fact that density oscilla-
tions in the BEC have a finite speed. The most impor-
tant frequency for pairing is on the order of the Fermi en-
ergy εF = k
2
F /2mF , and εF /gBnB ∼ (mF /mB)(vF /c0)2,
where vF = kF /mF is the Fermi velocity and c0 =
√
gBnB/mB is the speed of sound in the BEC. This
suggests that the frequency dependence of the induced
interaction can be neglected only if vF /c0 ≪ 1, i.e.
when Bogoliubov phonons move at a much greater speed
than the fermions. In this case we can set ων = 0 in
Eq. (5), and the induced interaction assumes the sim-
ple form Vind(q⊥) ≃ −2nBmBg2/
√
q
2
⊥ + 2/ξ
2
B, where
ξB = 1/
√
8πnBaB is the BEC coherence length. We
point out that the induced interaction in Eq. (5) is much
stronger than that in a 2D-3D Fermi-Fermi mixture with
comparable physical parameters [30], due to the fact that
a BEC is in general more compressible than a Fermi gas.
px + ipy pairing.– The attractive induced interaction
gives rise to pairing between the fermions. To describe
this, we introduce a pairing field Ξ(p) via the standard
Hubbard-Stratonovich transformation, which couples the
Grassmann fields with frequency/momenta p and −p.
Since all momenta are now 2D, the ⊥ sign previously
used to distinguish 2D vectors will be dropped hence-
forth. Integrating out the Grassmann fields one finds
Z =
∫
D(Ξ∗,Ξ)e−Seff (Ξ∗,Ξ). (6)
Here the effective action is
Seff = −1
2
Tr lnG−1− βA
2
∑
p,p′
Ξ∗(p)V −1ind (p−p′)Ξ(p′) (7)
and G−1(p) is the inverse Green’s function
G−1(p) = β
[
−iωn + ξpeiωn0+ Ξ(p)−Ξ(−p)2
Ξ∗(p)−Ξ∗(−p)
2 −iωn − ξpe−iωn0
+
]
(8)
where 0+ is an infinitesimal positive number. The inverse
matrix V −1ind (p− p′) is defined by
∑
q V
−1
ind (p− q)Vind(q −
p′) = δpp′ . In Eq. (7), Tr denotes the trace over the 2× 2
matrix lnG−1(p) and the summation over p. The mean-
field theory for the pairing is obtained from the stationary
phase condition δSeff(Ξ
∗,Ξ)/δΞ∗(p)|Ξs = 0. Defining the
gap as ∆(p) = [Ξs(p)− Ξs(−p)] /2, we obtain
∆(p, iωn) = −T
∑
m
∫
dq
(2π)2
Vind(p− q, iωn − iωm)
× ∆(q, iωm)
ω2m + E2(q, iωm)
(9)
and
nF = T
∑
n
∫
dq
(2π)2
−iωneiωn0+ − ξq
ω2n + E2(q, iωn)
, (10)
where E(q, iωm) =
√
ξ2
q
+ |∆(q, iωm)|2. Equations (9)
and (10) retain the full frequency dependence of the gap
and thus constitute a type of Eliashberg theory [35].
When the frequency dependence of the induced inter-
action and the gap is ignored, Eq. (9) simplifies to the
3standard BCS gap equation. However, we shall see that
retardation effects are generally important.
The pairing between the spin-polarised fermions has
px ± ipy symmetry due to the rotational symmetry of
the system [36]. We thus look for a solution to the gap
equation of the form ∆(p, iωn) = ∆1(p, iωn)e
iφp , where
φp is the azimuthal angle of p. It follows that only the
p-wave component of the induced interaction is relevant,
which is defined as
V1(p, q; iων) =
∫ 2pi
0
dϕ
2π
Vind(p−q; iωn− iωm)e−iϕ, (11)
where ϕ ≡ φp − φq. Substituting the p-wave form of
the gap parameter into the Eq. (9) one easily obtains
an equation involving V1(p, q; iων) which determines the
amplitude ∆1(p, iωn). Crucial to the feasibility of our
numerical solution to this gap equation, we are able to
obtain an analytic expression for V1(p, q; iων) in terms
of the complete elliptic integrals of the first and second
kind. However, this expression is complex and will be
provided in the Supplementary Material.
A powerful attribute of the present system is that both
the strength and the range of the induced interaction
can be controlled experimentally. From Eq. (4), we see
that the induced interaction is proportional to the sec-
ond power of (nBa
3
eff)
1/3, which measures the strength
of the Fermi-Bose interaction. This parameter will be
kept small compared to unity corresponding to a weak
Fermi-Bose interaction. In addition to (nBa
3
eff)
1/3, the
induced interaction depends on the following three di-
mensionless, independent parameters: the Bose gas pa-
rameter (nBa
3
B)
1/3, the ratio of the inter-particle dis-
tances n
1/2
F /n
1/3
B , and finally the mass ratio mF /mB. To
gain some intuition, we plot in Fig. 1 the zero-frequency
component of the p-wave interaction at the Fermi sur-
face, V1(kF , kF ), as a function of n
1/2
F /n
1/3
B for a mix-
ture of 40K and 7Li. We see that the magnitude of
V1(kF , kF ) generally exhibits a maximum at a certain
value of n
1/2
F /n
1/3
B for fixed values of (nBa
3
eff)
1/3 and
(nBa
3
B)
1/3. This non-monotonic behaviour can be under-
stood as follows. In the limit n
1/2
F /n
1/3
B →∞, the density
of the Bose gas vanishes compared to that of the Fermi
gas, and the induced interaction vanishes as a result. On
the other hand, as n
1/2
F /n
1/3
B → 0, the density of the Bose
gas increases and the BEC coherence length ξB decreases
(albeit keeping the Bose gas parameter constant). Since
ξB determines the range of the induced interaction, the
latter eventually becomes short ranged when ξB becomes
small compared to distances between the fermions. This
in turn leads to a suppressed p-wave interaction as we
see in Fig. 1. Now, the same argument also suggests that
the magnitude of V1(kF , kF ) monotonically decreases as
(nBa
3
B)
1/3 increases for fixed values of n
1/2
F /n
1/3
B , since
such a variation leads to a steady decrease of the BEC
coherence length. This in fact is consistent with what we
observe in Fig. 1.
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FIG. 1. The zero-frequency p-wave interaction at the Fermi
surface as a function of n
1/2
F /n
1/3
B for a weakly interacting
40K-7Li mixture with (nBa
3
eff)
1/3 = 0.1. Here NF = mF /2pi
is the density of states of the Fermi gas.
With all the frequency components of the p-wave in-
duced interaction V1(p, q; iων) determined, the mean-field
superfluid transition temperature TMF can be obtained
by solving the linearised gap equation. As an exam-
ple, TMF is shown in Fig. 2 for a mixture of
40K and
7Li as a function of the BEC gas parameter (nBa
3
B)
1/3
for n
1/2
F /n
1/3
B = 0.1 and a weak Fermi-Bose interaction
strength (nBa
3
eff)
1/3 = 0.1. We see that the transi-
tion temperature increases with a decreasing (nBa
3
B)
1/3
in agreement with the previous analysis concerning the
strength of p-wave interaction. In fact, the mean-field
transition temperature becomes significant compared to
the Fermi energy for small (nBa
3
B)
1/3. This is a promis-
ing result, even though phase fluctuations will reduce the
critical temperature significantly as we shall see shortly.
We also show the critical temperature TBCS obtained
from the BCS theory by neglecting the frequency de-
pendence of the induced interaction, i.e., by using the
iων = 0 component of the induced interaction in the
gap equation. We see that these two temperatures in-
deed agree when vF /c0 ≪ 1, as we have argued previ-
ously, whereas retardation effects significantly suppress
the pairing for larger vF /c0.
BKT transition temperature.– Since the Fermi system
is 2D, phase fluctuations of the order parameter can sig-
nificantly suppress the critical temperature of the super-
fluid transition. The transition is described by BKT the-
ory, where the critical temperature is determined by the
condition [37–40]
TBKT =
π
8m2F
ρs ({∆(iωn)} , TBKT) . (12)
410-4 10-3
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FIG. 2. The superfluid critical temperatures as a function of
(nBa
3
B)
1/3 (on a logarithmic scale) for the 40K-7Li mixture
with n
1/2
F /n
1/3
B = 0.1 and (nBa
3
eff)
1/3 = 0.1. The inset shows
the behaviour of vF /c0 as a function of (nBa
3
B)
1/3.
Here ρs is the superfluid mass density, which can be de-
fined by considering the free energy density F = Ω+µnF
of the superfluid flowing at a velocity v, where Ω =
−T lnZ/A is the grand potential density. For small ve-
locities, we have F (v)−F (0) = ρsv2/2. Using (∂2vF )nF =
(∂2vΩ)µ [41] and ρs = ∂
2
vF (v)
∣∣
v=0
[42, 43], the superfluid
density can be obtained as ρs = ∂
2
vΩ(v)
∣∣
v=0
. Within
mean field theory, we have ΩMF(v) = TSeff(v)/A,
where Seff(v) can be obtained from Eq. (7) by means
of a momentum boost of q = mFv. The momen-
tum boost enters only in the diagonal components of
G−1(p) in Eq. (8), which now read −iωn + ξp+qeiωn0+
and −iωn − ξp−qe−iωn0+ . A straightforward evaluation
of ∂2vΩMF(v)|v=0 yields (see Supplementary Material)
ρs = ρ0 +
T
2
∑
n
∫
dp
(2π)2
p2
E2(p, iωn)− ω2n
[ω2n + E2(p, iωn)]2
, (13)
where ρ0 = mFnF . In the case of frequency-independent
gap parameters ∆p, Eq. (13) reduces to the well-known
result ρs = ρ0 − (8T )−1
∫
dp(2π)−2p2sech2(Ep/2T ).
The BKT transition temperature can now be obtained
by solving Eqs. (9), (12) and (13) self-consistently [44].
The superfluid mass density ρs equals the total Fermi
mass density ρ0 at T = 0 and gradually decreases when
T increases. We find that for a small Bose gas parame-
ter, which corresponds to a long range induced interac-
tion, the reduction in ρs(T ) by increasing temperature is
rather small and ρs(T ) ≃ ρ0 when the BKT melting con-
dition Eq. (12) is fulfilled. This suggests that the TBKT
in such a scenario will be close to the maximum value al-
lowed by BKT theory, i.e., TBKT = εF /16. We point out
that this value is in fact within experimental reach [45].
In Fig. 2, the BKT transition temperature is shown as a
function of (nBa
3
B)
1/3 for the previously given physical
parameters. The transition temperature indeed quickly
reaches the limiting value εF /16 as (nBa
3
B)
1/3 decreases.
Importantly, this maximum value is reached for a weak
Fermi-Bose coupling with (nBa
3
eff)
1/3 = 0.1, which means
that possible three-body losses due to a dimer formation
from a fermion and a boson are small. Finally we empha-
sise that our system is very flexible in the sense that high
transition temperatures can be reached across a broad
range of parameter space. This is shown in Fig. 3, where
BKT temperatures for various settings of parameters, all
within the weak Fermi-Bose interaction regime, are calcu-
lated. We see that transition temperatures in the vicinity
of the BKT limiting value are achieved for various density
ratios of the mixture. Such a high flexibility makes our
system advantageous in comparison to other proposals to
realise p-wave superfluid in cold atomic systems.
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3
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F
FIG. 3. The BKT temperatures as a function of (nBa
3
B)
1/3
(on a logarithmic scale) for the 40K-7Li mixture for vari-
ous parameter settings, namely for (a) n
1/2
F /n
1/3
B = 0.1 and
(nBa
3
eff)
1/3 = 0.1 (black solid), (b) n
1/2
F /n
1/3
B = 0.5 and
(nBa
3
eff)
1/3 = 0.15 (red dashed), and (c) n
1/2
F /n
1/3
B = 0.8
and (nBa
3
eff)
1/3 = 0.2 (blue dash-dot).
Conclusions.– We have shown that a 2D-3D Bose-
Fermi mixture is a promising system to realise a topolog-
ical px + ipy superfluid. The fermions attract each other
via density modulations in the BEC and form p-wave
paring. We analyse the paring by solving the frequency-
dependent gap equation which takes the retardation ef-
fects fully into account. The resulting Eliashberg theory
was then combined with BKT theory to obtain a reliable
microscopic theory for the superfluid critical tempera-
ture. Both the strength and the range of the induced
interaction between the fermions can be controlled, and
this can be used to tune the critical temperature to a
limiting value imposed by BKT theory. Importantly, this
maximum can be reached while keeping the Bose-Fermi
interaction weak. Our results are directly relevant for
experiments which use cold atomic gases to explore the
topological superfluids.
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THE p-WAVE COMPONENT OF THE INDUCED INTERACTION
To calculate V1(p, q; iων) defined in Eq. (11) we first introduce the dimensionless quantities q¯ = q¯/kF and ω¯ν =
ων/εF , where εF = k
2
F /2mF is the Fermi energy of the 2D gas. In terms of these quantities, NFVind(p¯ − q¯, iω¯ν),
where NF = mF /2π is the density of states of the Fermi gas, can be written as
NFVind(p¯− q¯, iω¯ν) = −
√
π
(
1 +
mF
mB
)
β2FB


1− 1/√1− r2e ω¯2ν√
2βBB
(
1−√1− r2e ω¯2ν)+ r2FB [p¯2 + q¯2 − 2p¯q¯ cos(φp¯ − φq¯)]
+
1 + 1/
√
1− r2e ω¯2ν√
2βBB
(
1 +
√
1− r2e ω¯2ν
)
+ r2FB [p¯
2 + q¯2 − 2p¯q¯ cos(φp¯ − φq¯)]

 (14)
where βFB ≡ (nBa3eff)1/3, βBB ≡ (nBa3B)1/3, rFB ≡ n1/2F /n1/3B and re ≡ ǫF /gBnB = (mB/mF )rFB/βBB. We
see from the above expression that aside from the simple dependence on βFB , the overall strength of the induced
interaction is determined by three additional parameters, rFB, βBB and mF /mB.
Substituting Eq. (14) into Eq. (11) we find
NFV1(p¯, q¯; iω¯ν) = −
√
2
π
(
1 +
mF
mB
)
β2FB
rFB
√
p¯q¯


(
1− 1√
1− r2e ω¯2ν
)
f−K
(
2
1+f−
)
− (1 + f−)E
(
2
1+f−
)
√
1 + f−
+
(
1 +
1√
1− r2e ω¯2ν
)
f+K
(
2
1+f+
)
− (1 + f+)E
(
2
1+f+
)
√
1 + f+

 , (15)
where
f± =
βBB
r2BF p¯q¯
(
1±
√
1− r2e ω¯2ν
)
+
p¯2 + q¯2
2p¯q¯
, (16)
and K(x) and E(x) are the complete elliptic integral of the first and second kind. We note that for |reω¯ν | > 1 the
two terms inside the brackets of Eq. (15) are complex conjugates of each other so that NFV1(p¯, q¯; iω¯ν) is always real.
The zero frequency component of the expression in Eq. (15) at the Fermi surface is plotted in Fig. 1.
FREQUENCY DEPENDENT GAP EQUATION AND SUPERFLUID DENSITY
With the p-wave form of the gap parameter ∆(p, iωn) = ∆1(p, iωn)e
iφp , the gap equation (9) reduces to
∆1(p, iωn) = − 1
2π
T
∑
m
∫
dqqV1(p, q; iωn − iωm) ∆1(q, iωm)
ω2m + E(q, iωm)2
(17)
The mean-field critical temperature is determined by the linearised gap equation
∆1(p, iωn) = − 1
2π
T
∑
m
∫
dqqV1(p, q; iωn − iωm)∆1(q, iωm)
ω2m + ξ
2
q
≡ Lˆ (∆1) , (18)
7where Lˆ denotes the integral operator in the above equation. The mean-field critical temperature is obtained from
the condition that the largest eigenvalue of Lˆ becomes unity.
To determine the superfluid density we consider the grand potential of a flowing superfluid
ΩMF(v, T, µ) =
T
ASeff(v) = −
T
A lnZMF(v), (19)
where
ZMF(v) = det
(−2βAV−1ind) exp

βA2
∑
p,p′
∆∗(p)V −1ind (p− p′)∆(p)


∫
D(a¯, a) exp
{
−
∑
ωn>0,p
Λ¯(p)G−1(p,q)Λ(p)
}
,
(20)
where q = mFv, Λ¯(p) = [a¯(p) a(−p)] and Λ(p) = [a(p) a¯(−p)]T. Here G−1(p,q) is given by
G−1(p,q) =
[
−iωn + ξp+qeiωn0+ ∆(p)
∆∗(p) −iωn − ξ−p+qe−iωn0+
]
. (21)
One finds
ΩMF(v, T, µ) = const.− 1
2
∑
p,p′
∆∗(p)V −1ind (p− p′)∆(p)
− T
2A
∑
p
ln
[
−
(
−iωn + ξpeiωn0+
)(
−iωn − ξpe−iωn0+
)
+ |∆(p)|2 −R(v)
]
(22)
where
R(v) = −1
4
m2F v
4 + (p · v)2 −mF v2ξp − 1
2
iωnmF v
2
(
eiωn0
+ − e−iωn0+
)
− iωnp · v
(
eiωn0
+
+ e−iωn0
+
)
(23)
Using ρs = ∂
2
vΩMF(v)|v=0 together with Eq. (22) we arrive at the expression in Eq. (13).
